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Abstract. The Lax pair for the one-dimensional small-polaron open chain is explicitly
constructed. From this the general bound&fysupermatrices are found. Our construction
provides a direct demonstration for the integrability of the system.

In the last decade, much attention has been paid to the study of completely integrable
lattice spin open chains [1-8]. As was shown by Sklynanin [1], there is a variant of
the usual formalism of the quantum inverse scattering method (QISM) [9-11], which may
be used to describe systems on a finite interval with independent boundary conditions on
each end. Central to his approach is the introduction of an algebraic structure called the
reflection equations (RE) [12]. Although Sklyanin’s argument was carried out only for the
P and T invariant R-matrices, it is now known that the formalism may be extended to
apply to any systems integrable by the quantRrmatrix approach [8]. Much attention

has been paid to the solutions of RE which present the bounklamyatrices compatible

with the integrability. Recently, the boundaki-matrices have been constructed by several
groups [6] for the Heisenberg spéﬁopen chain and by the present author [7, 8] for the
one-dimensional (1D) Hubbard open chain and for the 1D Bariev open chain.

On the other hand, the traditional basis for applying QSIM to a completely integrable
system is to represent the equations of motion of the system into Lax form. Following
Korepin et al [9, 10], one may show that, for systems with periodic boundary conditions,
the existence of the quantuR-matrix allows one to express the original equations of
motion in Lax form. In particular, the Lax pairs for a variety of physically interesting
models were given in [13-16]. Thus, one may expect that there is a variant of the usual
Lax pair formulation to describe quantum integrable lattice open chains. Recently, we have
shown that such a formulation does exist [17].

The aim of this letter is to present the Lax pair for the 1D small-polaron open chain
in explicit form. From this the general boundaky-supermatrices are determined. Our
construction provides a direct description for the quantum integrability of the system.
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Let us first recall the Lax pair formulation for completely integrable lattice fermion
open chains described in [17]. Instead of directly considering the equations of motion, let
us study an operator version of an auxiliary linear problem:

Vi = L;y(M)y; j=12,...,N

d .

EWj:MjO\)Wj’ ]ZZ,...,N (1)
d d

EwN-&-l =Sn(M)Yn41 &I/fl =81 (M Y.

HereL;, M;, § ands’ are some supermatrices depending on the spectral paraxraterthe
dynamical variables. The consistency conditions for equation (1) yield the Lax equations

d
—Li(A) = M;a(ML;j(x) — Ly(A)M;(A) j=2....,N-1

dr

d

&LN()L) =S6y(AM)Ly(A) — Ly(M) My (X) (2
d

&Ll()\) = Mo(A)L1(1) — L1(M)81(2).

A lattice fermion open chain is said to be completely integrable if we can express the
equations of motion in the Lax form (2), provided the bound&rgsupermatrices exist as
the solutions of equations (4) and (5) below. In fact, it is readily shown that a transfer
matrix

T(h) = St(K (M Ly (L) ... Li)K_ (LT =A) ... Lyt (=2 )
does not depend on tinre provided the constrains hold:

K_(M)81(=1) = 8;(MWK_-(1) (4)
and

StK - (M)én (M Ay (V)] = StK L (W) Ay (M)éy (—A)] ®)
with

Ay) = Ly ... LIOWK_(WLTH =) . Ly (=A). (6)

Here the supertrace ‘str’ is taken over the auxiliary superspace. This implies that the system
under study possesses an infinite number of conserved quantities.
Now, let us study the 1D small-polaron open chain with Hamiltonian

N
H=-— [(a;aj_l + a}_laj) + % cos2n)(2n; — 1)(2n;—1 — 1)] + sin(2n) coté, ny
=2

+a+ajv + Bray + sin(2n) coté_nq + a_ai + B_a;. )

Herea! anda; are, respectively, the creation and annihilation operators at lattice, saied
satisfy the usual anti-commutation relations

{aj, a} = {a].al} =0 {aj, al} = 81

and n; is the density operaton;; = a;aj. Furthermore,n is a coupling parameter and
&4, ax and B are some members of Grassmann algebra Wwitleven ande., 8+ odd,

satisfyinga. 8+ = 0.
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It is not difficult to check that the equations of motion derived from the Hamiltonian (7)
may be cast into the Lax form (2). Indeed, in our case /ttend M matrices take the form
[16]

L0y = ((i sin(x + 2n) — sinA)n; + sini Sin 2a; )
! —isin Zna; (—isinA — sin(x + 2n))n; + sin(x + 2)
(8)
and
M; &) i P - -
_ (a+ajaj1 —a-aja;_; + aoajajaj,lakl bo(njaj_1 +iajnj_1) +ib_a; + b+aj1)
bo(njale — ia;nj_l) - ib+ajT + b_ajll a_a;aj_l — a+aja;71 +aonjnj_1 ©
with
. sinA . sinA
“eT (' " sinGo+ 2n>> T (' sinG. - 2n)>
sin 2y sin 2y
7 Sin(u— 2p) b-= GG+ 21)
isin4nsin2y sini sin4y
Y= Sinx + 2) sin(x — 21) bo = " sin(x + 2n) sin(x — 2

Here we emphasize that thle and M matrices are supermatrices with paritie¢l) = 0,
P(2) = 1. From equation (2), it follows that

8. 8
S =11 12 10
l( ) (821 822) ( )
with
= i[' z'i::” Sin(2y + £.)(1 — n1) + sin( — 2n)(i sinG + 2n) — sinA)a_al
+ sin(A + 2n)(isin(A — 2n) + sinx)ﬁal]
‘= i[' z'i:;" SINC. — & )ay — sin 29(sin(i + 2n) + SiNG. — 2n))naar
+ sin 2y sin(A + 2n)a]
85 = 1[ — |5|.n 20 sin(A + E;L)ai =+ sin 2q(sin(A + 2n) + sin(x — 2n))n18-
A siné_
—sin2psin(A — 2;7)/3}
.1 isin?2y . . :
8 = A[ — siné_n sin(2n — &_)nq + sin(x + 2n)(isin(x — 2n) + Slnk)a,ai
+ sin(A — 2p)(isin(A + 2n) — sink)ﬁal]
and

821 d22

Sy (k) = (5“ 812) (12)
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with

SiN2n + £,)(1— ny) + SiN(L + 2n)(isin(A — 2) 4 sinM)ayal,

1 [isin?2y
811 =

A sing,

+ sin(A — 2n)(isin(A + 2n) — sink)ﬁ+aN:|

1[sirf2y . . . :
810 = |: Sing 0 Sin(A + & )ay —isin2n(sin(A + 2n) + sin(x — 2n))nya

—+isin 25 sin(A — 2n)a+i|

801 = i [S;?:;n sin(A — §+)ajv —isin2n(sin(x + 2n) + sin(A — 2n))ny B+
+

—+isin 2y sin(A + 277)/3+:|

Sin2n — £.)ny + Sin(. — 2)(isin(x + 2n) — sinA)aal,

00 = —
2=\

sing,

+sin(A + 2n)(isin(A — 2n) + sinx)ma[v}

1 |: isin?2p

where A = sin(A + 2n) sini — 2n.
We now proceed to study the constraint conditions (4) and (5). Let us assume the
boundaryK -supermatrixkK_ (1) to take the form

(K11 Ko
K_()L)_<K21 Kzz) (12)

and, substituting into equation (4), one may check that, out of the 16 homogeneous linear
equations abouki;, K12, K»1 and K,,, only three are independent. After some algebraic
calculations, we find
a_siné_sin2.

isin2p (13)
—sin(A + &)

sin(Ax — &)
sing_ | B-sing_sin2
isin2p
(up to an unimportant scalar factor). In order to determine the boundary super&iatriy,
let us first note that
AN = Ly A1) Ly (=2). (14)

Obviously, the matrix elements of y_1 (anti)-commute with those of ;. Keeping this
fact in mind, and noting that the matrix elementsAyf_; are independent, we immediately
obtain

K_(\) =

oy sing, sin 2(A + 2n)
isin2n (15)
Sin(A +2n + &)

sin(x +2n — &)
B sing, sin 2(A + 2n)
isin2p
(up to an unimportant scalar factor).

Now let us show that the Hamiltonian (7) may be related with the transfer matrix (3).
Indeed, expanding the transfer matrix (3) in powers.pfve have

(M) = 1(0)[1 — sin2y(H + constantx + - - -]. (16)

Ki(h) =
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Thus, we have shown that the model under consideration admits the Lax pair formulation.

In conclusion, we have presented the Lax pair for the 1D small-polaron open chain. The
boundaryK -supermatrices thus constructed should be the solutions of the graded version of
the reflection equations. Thus our construction provides a basis for establishing the graded
version of Sklyanin's formalism to describe integrable systems with boson and fermion
fields in the finite interval. Here we emphasize that in contrast with the periodic case
[16, 18], the Hamiltonian (7) may not be mapped into the 1D Heisenberg XXZ open chain
via the Jordan—-Wigner transformation. This implies that the system under consideration is
essentially new. The extension of our construction to other open fermion chains, such as
the 1D Hubbard open chain [7] and the 1D Bariev open chain [8], is also interesting. We
hope to return to these questions in the near future.

This work was supported in part by the National Natural Science Foundation of China
under grant No 19505009. | am grateful to Professor Xing-Chang Song and Professor
Chong-Sheng Li for their support and encouragement.
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